We prove some results which give explicit methods for determining an upper bound for the rate of approximation by means of operators preserving a cone. Then we obtain some quantitative results on the rate of convergence for some sequences of linear shape-preserving operators.
Introduction
In some applications it is often necessary not just approximate a function but approximate it with the preservation of its shape properties. The shape properties are usually referred to some geometrical characteristics of function (such as monotonicity, convexity, concavity, generalized convexity, etc.). The part of approximation theory that deals with this type of problem is known as the theory of shape preserving approximation, which has been very intensively developed in the last few decades. Good reviews of the results of this theory can be found in books [7] , [13] and the paper [10] .
Let X be a normed linear space and V be a cone in X (a convex set, closed under nonnegative scalar multiplication). It is said that f ∈ X has the shape in the sense of V whenever f ∈ V. Let V be a cone in X, V ≠ ∅. We will say that the operator L preserves the shape in the sense of V, if L(V) ⊂ V.
Since every linear positive operator de ned in C [ , ] preserves the cone of all non-negative functions de ned on [0,1] by de nition, positive-preserving approximation can be considered as one of the types of shape-preserving approximation. In 1953 Korovkin found [12] the conditions of convergence for sequences of linear positive operators {Kn} n≥ to the identity operator in C [ , ] . Extensions of this result (Korovkin type results) for sequences of linear operators preserving k-monotonicity (as well as intersections of cones) were obtained in [8] , [15] , [14] . Quantitative results on estimates of the convergence rate for sequences of linear positive operators Kn f to f were obtained in [19] .
Following the ideas and extending the results of papers [19] , [8] , [9] , [15] , in this paper, we establish some quantitative results on the convergence rate for sequences of linear shape-preserving operators.
It should be noted that non-linear approximation methods preserving k-monotonicity are much better in the terms of approximation error than linear ones [11] . On the other hand, for sequences of linear operators preserving k-monotonicity (as well as intersections of cones) there are [8] , [15] , [14] simple convergence conditions (Korovkin type results).
Preliminary quantitative results
Let X be a compact subset of R, R X be the space of all real-valued functions de ned on X. Let B be a subset
Denote P = {f ∈ B : Lf ≥ } and let V be a cone in A. Let U = span {u i } i∈I be the subspace of A satisfying 1. there exists u ∈ U such that Lu(t) = for all t ∈ X; 2. for every
-there exist real functions {a i } i∈I de ned on X, such that for any x, t ∈ X the inequality Lϕx(t) ≥ cLhx(t) holds, where ϕx := i∈I a i (x)u i , where c is a positive real number not depending on x and t, and where hx satis es Lhx(t) = (t − x) .
Lemma 1.
Let {Kn} n≥ , Kn : A → B, be the sequence of linear operators satisfying Kn(P ∩ V) ⊂ P for all n ≥ . Then for every f ∈ A and every n = , , . . .
where ω denotes the moduli of smoothness (continuity) of rst order, ω(f , δ) :
The inequality
holds in the case |t − x| ≤ δ as well. It follows from (2) and (3) that
belong to P for every β ≥ . These functions must belong to the cone V for a su ciently large β. The condition of Lemma states that Kn(P ∩ V) ⊂ P for n ≥ . Then the images of these functions under Kn belong to P for all n ≥ . Thus, for every n ∈ N
(4) Then (1) follows from (4) and the inequality
Let P = {f ∈ B : Lf ≥ } be a cone in A. Let U = span {u i } i∈I be the subspace of A satisfying 1. there exists u ∈ U such that Lu(t) = for all t ∈ X; 2. there exist real functions {a i } i∈I de ned on X, such that for all t, x ∈ X the inequality Lgx(t) ≥ cLhx (t) holds, Lgx(x) = , where gx := i∈I a i (x)u i , c is a positive real not depending on x and t, and hx satis es Lhx(t) = (t − x) .
The following proposition can be proved in the same way as Lemma 1.
Lemma 2.
Let {Kn} n≥ , Kn : A → B, be a sequence of linear operators satisfying Kn(P) ⊂ P for all n ≥ . Then for every f ∈ A and every n = , , . . .
where
(Kn gx)(x).
A 
where the derivatives are taken from the right at 0 and from the left at 1.
Then for every f ∈ C k [ , ] and every x ∈ ( , ) and δn
. The inequality (6) follows from Lemma 2.
We remark that the proposition 1 was rst stated in the paper [9] . Let h k be two integers and let σ = (σ i ) k i= be the sequence of real, such that σ i ∈ {− , , } and
and every x ∈ ( , ) and δn
for some c i > and β ≥ .
Denote u = ( /k!)σ k e k . For an arbitrary point z ∈ [ , ] let us de ne ϕz in the following way:
. Therefore, ϕz ∈ V. Then (7) follows from Lemma 1.
The rate of convergence for shape-preserving methods
. Bernstein operators
One of the main directions of research in the theory of shape-preserving approximation is the study of shapepreserving properties of Bernstein-type polynomials. It was shown by J. Pál [16] 
Proof. It is easy to verify that D k Bn e k (x) = k!a k− (n),
where b k+ := k+ i= (i − )(i − ) . It follows from (9) (10) and (11) that
β n (x) := D k Bn (k + )! e k+ − (k + )! xe k+ + k! x e k (x) = = x (a k+ (n) − a k (n) + a k− (n)) + x k + n (a k (n) − ka k− (n)) + b k+ n (k + )(k + ) a k− (n). (13) We have
a k (n) − ka k− (n) ≤ −(k − )a k− (n),
